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We consider the radial quantization ofN = 4 super Yang-Mills (SYM) in 4 dimensions,
i.e., N = 4 SYM on a cylinder R × S3. We construct the generators of superconformal
symmetry in the case of U(N) gauge group, generalizing the earlier work by Nicolai et
al. for U(1) gauge group. We study how these generators contract to the symmetry of
pp-wave when they act on a state with large R-charge.
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1. Introduction
Recently, Berenstein, Maldacena and Nastase proposed that the type IIB string theory
on a pp-wave background is dual to a sector of N = 4 SYM with large R-charge [1]. On the
bulk side, the pp-wave geometry is obtained from AdS5×S5 by focusing on a null geodesic
rotating around the equator of S5 [2,1]. The important fact here is that the Green-Schwarz
string on this background is solvable in the lightcone gauge [3]. On the YM side, this limit
corresponds to taking a double scaling limit [1,4,5]
N, J →∞, g2 = J
2
N
, λ′ =
g2YMN
J2
: fixed. (1.1)
One of the evidence of this duality is that the free string spectrum is reproduced from
the computation of anomalous dimensions of the so-called BMN operators in N = 4 SYM
[1,4,6,7]. However, the precise mapping between these two sides is yet unknown.
Some proposals about the holography in the pp-wave background are addressed in
[8,9,10,11]. Before taking the Penrose limit, the boundary of AdS5 in the global coordinate
is R × S3. Since the pp-wave geometry is obtained as the limit of AdS5 with global
coordinate, it is natural to think that the dual theory is a limit of N = 4 SYM on the
cylinder R × S3. In [11], it was shown that the boundary of the pp-wave geometry is
a one-dimensional null line and was proposed that the dual theory is a matrix quantum
mechanics obtained by the KK reduction of N = 4 SYM on S3. Note that this matrix
model appeared in [12,13] in the context of giant gravitons (see also [14]). Matrix string
theories with U(J) gauge group are discussed in [15,16,17].
In this paper, we study U(N) N = 4 SYM on R×S3 and some of its properties under
the limit (1.1). We construct the generators of superconformal symmetry of this theory,
by generalizing the earlier work for the U(1) gauge group [18]. Since R × S3 is a curved
manifold, the superconformal symmetry is realized in a nontrivial way.
We also study the contraction of the conformal symmetry to the symmetry of pp-
wave background [19,20] from the YM viewpoint. Recently, this problem was studied in
the duality between a D = 2 CFT and a 6-dimensional pp-wave geometry [21]. The higher
dimensional case is also mentioned in [21]. We explicitly perform this contraction in the
free field limit of N = 4 SYM.
This paper is organized as follows. In section 2, we construct the generators of con-
formal symmetry of N = 4 SYM on R × S3. In section 3, we construct the conformal
Killing spinor on R × S3 and the generators of superconformal symmetry. In section 4,
1
we summarize the KK spectrum of N = 4 SYM on S3 and study its pp-wave limit. In
section 5, we study the contraction of the conformal symmetry to the symmetry of pp-wave
geometry. Section 6 is devoted to discussions. In Appendix A, we summarize our notation
of Γ-matrices. Appendix B is the list of conformal Killing vectors on R× S3.
2. Conformal Symmetry of N = 4 SYM on R× S3
In this section, we construct the generators of conformal symmetry of N = 4 SYM
on a cylinder. To make this paper self-contained, we review some basic facts about N = 4
SYM on R× S3 [18,22,23].
2.1. Conformal Coupling to a Background Metric
N = 4 SYM can couple to a background metric in a Weyl invariant way, since this
theory is conformally invariant.1 The action can be written as
S[Aµ, Xm, λ, gµν] =− 1
g2YM
∫
d4x
√
gTr
(
1
2
gµρgνσFµνFρσ + g
µνDµXmDνXm +
R
6
X2m
− iλΓµDµλ− λΓm[Xm, λ]− 1
2
[Xm, Xn]
2
)
(2.1)
where µ, ν = 0, · · · , 3, m,n = 4, · · · , 9, and Dµ is the covariant derivative including the
gauge field
Dµλ = ∇µλ− i[Aµ, λ] = ∂µλ+ A˜µλ− i[Aµ, λ]. (2.2)
A˜µ is the spin connection written as A˜µ =
1
4
Ωabµ Γab. Here Ω
ab is the connection 1-form
defined by dωa + Ωab ∧ ωb = 0, and ωa is the vierbein defined in the usual manner:
gµν = ηabω
a
µω
b
ν , g
µν = ηabeµae
ν
b , {Γµ,Γν} = 2gµν , {Γa,Γb} = 2ηab. (2.3)
One can show that the action (2.1) is Weyl invariant
S[Aµ, Xm, λ, gµν] = S[Aµ, e
−αXm, e−
3
2
αλ, e2αgµν ], (2.4)
1 For a generic background metric, there appears a Weyl anomaly written as a combination
of Riemann tensor. However, this anomaly vanishes when the metric is R × S3 which is relevant
for our discussion of the radial quantization.
2
by noting that the scalar curvature and the spin connection in n-dimension transform
under the Weyl rescaling as
e2αR(e2αgµν) = R(gµν)− 2(n− 1)gµν∇µ∂να− (n− 1)(n− 2)gµν∂µα∂να
A˜µ(e
2αgµν) = A˜µ(gµν) +
1
2
γµν∂
να.
(2.5)
The metric on the plane R4 and the cylinder R× S3 are related by a Weyl rescaling
ds2 = dr2 + r2dΩ23 = e
2τ (dτ2 + dΩ23) (2.6)
where τ and r are related by
τ = log r. (2.7)
Therefore, the dilatation on R4 corresponds to the time translation on R × S3 after the
Wick rotation τ = it, and the Hamiltonian H on the cylinder can be identified with the
weight ∆ on the plane.
Now let us fix gµν to be the metric on R× S3
ds2 = −dt2 + dΩ23 = −dt2 + dθ2 + sin2 θ(dψ2 + sin2 ψdχ2). (2.8)
Since R× S3 has the scalar curvature R = 6, the action (2.1) becomes
S =
2
g2YM
∫
d4xTr
(
−1
4
F 2MN +
i
2
λΓMDMλ− 1
2
X2m
)
=
2
g2YM
∫
d4xTr
(
−1
4
F 2µν −
1
2
(DµX
m)2 +
1
4
[Xm, Xn]
2
+
i
2
λΓµDµλ+
1
2
λΓm[Xm, λ]− 1
2
X2m
) (2.9)
where AM = (Aµ, Xm) with M,N = 0, · · · , 9. In (2.1) and (2.9), λ is a 10-dimensional
Majorana-Weyl spinor dimensionally reduced to 4 dimensions. Note that there is no
Coulomb branch in this theory because of the mass term of the scalar fields Xm.
In SU(4) symmetric notation, this action is written as
S =
2
g2YM
∫
d4xTr
{
−1
4
F 2µν −
1
2
DµXABD
µXAB +
1
4
[XAB, XCD][X
AB, XCD]
+ iλ+AD/λ
A
+ + λ
A
−[XAB, λ
B
+] + λ+A[X
AB, λ−B]− 1
2
XABX
AB
}
,
(2.10)
where the gaugino λA+ is a D = 4 positive chirality Weyl spinor and transforms as 4 of
SU(4)R symmetry, and the scalars X
AB = −XBA are 6 of SU(4)R. D/ means γµDµ. See
Appendix A for our notations.
3
2.2. Conformal Killing Vector on R× S3
After fixing the metric (2.8), the Weyl rescaling (2.4) is no longer a symmetry of the
action. Instead, the conformal symmetry is generated by the conformal Killing vectors of
this fixed metric (2.8). One easy way to find the conformal Killing vectors on R×S3 is to
take the limit of the Killing vectors on AdS5. To write the Killing vectors on AdS5, it is
convenient to regard AdS5 as a hyperboloid in R
4,2:
5∑
a,b=0
η̂aby
ayb = y20 −
4∑
a=1
y2a + y
2
5 = R
2 (2.11)
where η̂ab = diag(+, (−)4,+). In terms of the coordinate ya, the Killing vectors on AdS5
can be easily written as
Lab = ya
∂
∂yb
− yb ∂
∂ya
. (2.12)
To obtain the conformal Killing vectors on R×S3, we have to rewrite Lab in terms of the
global coordinate (ρ, t,Ω3), in which the metric of AdS5 takes the form
ds2 = R2(− cosh2 ρ dt2 + dρ2 + sinh2 ρ dΩ23). (2.13)
This coordinate and the coordinate ya in (2.11) are related by
y0 + iy5 = Reit cosh ρ, ya = Rna sinh ρ (a = 1, · · · , 4) (2.14)
where na is a unit vector on S3. In our parameterization of S3 (2.8), na is given by
n = (cos θ, sin θ cosψ, sin θ sinψ cosχ, sin θ sinψ sinχ). (2.15)
Now the (conformal) Killing vectors ξab on R × S3 can be obtained as the value of
Lab on the boundary of AdS5:
lim
ρ→∞
Lab = ξab. (2.16)
They satisfy the SO(4, 2) algebra
[ξab, ξcd] = η̂adξbc − η̂bdξac − η̂acξbd + η̂bcξad. (2.17)
On R × S3, there are seven Killing vectors which are the generators of the R × SO(4)
isometry of the metric (2.8):
ξ05 = ∂t, ξab = −na∂b + nb∂a (a, b = 1, · · · , 4). (2.18)
4
Note that the corresponding Lab’s are independent of ρ. In addition to these Killing
vectors, there are eight conformal Killing vectors on R × S3. On AdS5, they are written
as
L0a − iL5a = e−it
[
na(−i tanh ρ ∂t + 2∂ρ) + coth ρ ∂a
]
(a = 1, · · · , 4). (2.19)
Taking the limit ρ→∞, we get
ξ0a − iξ5a = e−it(−ina∂t + ∂a). (2.20)
∂a in (2.18) and (2.20) is defined by
∂a =
∂θn
a
(∂θn)2
∂θ +
∂ψn
a
(∂ψn)2
∂ψ +
∂χn
a
(∂χn)2
∂χ, ∂an
b = δab − nanb. (2.21)
One can check that the vectors (2.20) satisfy the conformal Killing equation
∇µξνab +∇νξµab = 2Ωabgµν (2.22)
with
Ω0a − iΩ5a = −e−itna. (2.23)
In Appendix B, we write down the explicit form of ξab.
2.3. Generators of Conformal Symmetry
The action (2.10) is invariant under the SO(4, 2) conformal transformation generated
by the conformal Killing vectors ξab
δξabAµ = ξ
ν
ab∇νAµ +∇µξνabAν
δξabX
AB = ξµab∂µX
AB +ΩabX
AB
δξabλ
A
+ = ξ
µ
ab∇µλA+ +
1
4
∇µξνabγµνλA+ +
3
2
Ωabλ
A
+.
(2.24)
The terms including ξab represent the Lie derivative along ξab and the coefficient in front of
Ωab is determined by the weight of the field. To check this invariance, we need an equation
following from the definition of Ωab (2.22) [24]
(n− 1)∇µ∂µΩab +RΩab + 1
2
ξµab∂µR = 0. (2.25)
In the case of R× S3, this reads
∇µ∂µΩab + 2Ωab = 0. (2.26)
5
The Noether charges of this symmetry (2.24) are found to be
Mab =
2
g2YM
Tr
∫
S3
[
ξ0ab
(
1
2
DµXABD
µXAB +
1
2
XABX
AB +
1
4
F 2µν − iλ+AD/λA+
−1
4
[XAB, XCD][X
AB, XCD]− λA−[XAB, λB+]− λ+A[XAB, λ−B]
)
+ ξµab(D0XABDµX
AB + F0νF
ν
µ ) + iλ+Aγ
0δξabλ
A
+ +
1
2
Ωab
↔
∂ 0(XABX
AB)
]
.
(2.27)
Note that the Hamiltonian H is given by M05.
2.4. SU(4)R Symmetry
The action (2.10) is also invariant under the SU(4) R-symmetry
δλA+ = iT
A
Bλ
B
+, δλ−A = −iλ−BTB−A, δXAB = iTACXCB + iTBCXAC , (2.28)
where TAB is a hermitian traceless matrix. The charge of this symmetry is
JAB =
2
g2YM
Tr
∫
S3
(
− 2iXACD0XCB − λ+Bγ0λA+
)
. (2.29)
In the SO(6) notation, this is written as
Jmn =
i
2
(Γmn)ABJ
B
A =
2
g2YM
Tr
∫
S3
(
Xm
↔
D0X
n − i
4
λΓ0Γmnλ
)
. (2.30)
3. Superconformal Symmetry of N = 4 SYM on R× S3
3.1. Conformal Killing Spinor on R× S3
The superconformal symmetry is generated by the conformal Killing spinors onR×S3.
They can be obtained from the Killing spinors on AdS5 defined by
∇˜µǫ =
(
∇µ − 1
2
γµ
)
ǫ = 0. (3.1)
In the global coordinate (2.13), ∇˜ is written as
∇˜0 = ∂0 + 1
2
sinh ργ0γρ − 1
2
cosh ργ0 = e
− 1
2
ργ5
(
∂0 − 1
2
γ0
)
e
1
2
ργ5
∇˜i = ∇i + 1
2
cosh ργiγρ − 1
2
sinh ργi = e
− 1
2
ργ5
(
∇i − 1
2
γiγ5
)
e
1
2
ργ5
∇˜ρ = ∂ρ − 1
2
γρ = ∂ρ +
1
2
γ5,
(3.2)
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where i(= 1, 2, 3) denotes the direction of S3 and we identified γρ = −γ5. Therefore, the
Killing spinor on AdS5 and the conformal Killing spinor on R× S3 are related by [22,25]
ǫAdS5 = e
− 1
2
ργ5ǫR×S3 , (3.3)
where ǫR×S3 obeys
∂0ǫ =
1
2
γ0ǫ, ∇iǫ = 1
2
γiγ5ǫ. (3.4)
Under the chiral decomposition γ5ǫ± = ±ǫ±, (3.4) becomes
∇µǫ− = 1
2
γµǫ+, ∇µǫ+ = 1
2
γ˜µǫ− (3.5)
where γ˜µ = (γ0,−γi). Note that this equation is consistent with the curvature of R× S3.
By using the connection 1-form on S3
Ω12 = − cos θdψ, Ω23 = − cosψdχ, Ω31 = cos θ sinψdχ, (3.6)
with respect to the dreibein (ω1, ω2, ω3) = (dθ, sin θdψ, sin θ sinψdχ), the solution to the
conformal Killing spinor equation (3.4) is found to be
ǫ = e
t
2
γ0e
θ
2
γ15e
ψ
2
γ12e
χ
2
γ23ǫ0, (3.7)
where ǫ0 is a constant spinor.
Note that the bilinear combination of two conformal Killing spinors ξµ = ǫ
(1)
− γµǫ
(2)
− is
a conformal Killing vector [24]
∇µξν +∇νξµ =
(
ǫ
(1)
− ǫ
(2)
+ − ǫ(1)+ ǫ(2)−
)
gµν . (3.8)
3.2. Superconformal Transformation
The superconformal symmetry is generated by the conformal Killing spinors. In D =
10 notation, the transformation law is written as
δǫAM = −iλΓMǫ, δǫλ = 1
2
FMNΓ
MN ǫ− 1
2
XmΓ
mΓµ∇µǫ. (3.9)
In D = 4 notation, this reads
δǫAµ = −iλΓµǫ, δXm = −iλΓmǫ
δǫλ =
[
1
2
FµνΓ
µνǫ−DµXmΓmΓµ − 1
2
XmΓ
mΓµ∇µ − i
2
[Xm, Xn]Γmn
]
ǫ.
(3.10)
7
The commutator of two superconformal transformation is closed up to a gauge transfor-
mation:
[δǫ, δη] = δSO(4,2)(ξ
µ) + δSO(6)(Λ
mn) + δgauge(v) (3.11)
where the transformation parameters are given by
ξµ = 2iǫΓµη, Λmn =
i
2
(
ǫΓmnΓµ∇µη − ηΓmnΓµ∇µǫ
)
, v = −2iǫΓMηAM . (3.12)
In SU(4) symmetric notation, the transformation (3.9) is written as
δǫAµ = −i(λ+AγµǫA+ − ǫ+AγµλA+)
δǫX
AB = −i(−ǫA−λB+ + ǫB−λA+ + ǫABCDλ+Cǫ−D)
δǫλ
A
+ =
1
2
Fµνγ
µνǫA+ + 2DµX
ABγµǫ−B +XAB∇/ ǫ−B + 2i[XAC , XCB]ǫB+
δǫλ−A =
1
2
Fµνγ
µνǫ−A + 2DµXABγµǫB+ +XAB∇/ ǫB+ + 2i[XAC , XCB]ǫ−B ,
(3.13)
and the Noether charge of this symmetry is found to be
Qǫ =
2
g2YM
Tr
∫
S3
(
iλ+Aγ
0δǫλ
A
+ + iλ
A
−γ
0δǫλ−A
)
. (3.14)
4. Hamiltonian Formalism of N = 4 SYM
4.1. KK Reduction on S3
In this subsection, we summarize the KK reduction of N = 4 SYM on S3. The mass
spectrum in (0 + 1)-dimension is given by [26]
Mscalar = ℓ+ 1, Mfermion = ℓ+
3
2
, Mvector = ℓ+ 2 (ℓ = 0, 1, · · ·). (4.1)
The scalar harmonics on S3 with angular momentum ℓ is given by the traceless symmetric
polynomial of na with degree ℓ. M2scalar in (4.1) can be obtained by adding the curvature
R/6 = 1 and the Laplacian −∆S3 = ℓ(ℓ+ 2). We normalize the spherical harmonics as
1
2π2
∫
S3
Y Iℓ Y
I′
ℓ′ = δℓℓ′δ
II′ , (4.2)
where 2π2 is the volume of S3. For ℓ = 1, we find
Y aℓ=1 = 2n
a,
1
2π2
∫
S3
Y aℓ=1Y
b
ℓ=1 = δ
ab. (4.3)
8
Let us look at the free part of the Lagrangian for scalar fields (2.9). By rescaling Xm
to the canonically normalized field φm and expanding in terms of the spherical harmonics
Xm(t,Ω) =
gYM
2π
φm =
gYM
2π
∞∑
ℓ=0
φmℓ (t)Yℓ(Ω3), (4.4)
the free Lagrangian turns out to be
L = Tr
∞∑
ℓ=0
[
1
2
(φ˙mℓ )
2 − 1
2
(ℓ+ 1)2(φmℓ )
2
]
. (4.5)
Then the free Hamiltonian can be diagonalized as
H = Tr
∞∑
ℓ=0
(ℓ+ 1)am†ℓ a
m
ℓ . (4.6)
Here we introduced the oscillators amℓ by
φmℓ =
1√
2(ℓ+ 1)
(amℓ + a
m†
ℓ ), φ˙
m
ℓ = i
√
ℓ+ 1
2
(am†ℓ − amℓ ). (4.7)
They are normalized as
[(amℓ )
i
j, (a
n†
ℓ′ )
k
l ] = δℓℓ′δ
mnδilδ
k
j , (4.8)
where i, j, k, l are the U(N) color indices. In (4.6), we neglected the zero-point energy
which is cancelled by supersymmetry. For notational simplicity, the magnetic quantum
number I of Y Iℓ is suppressed in the above equations .
To see the mass of the fermion and the vector (4.1), it is convenient to identify S3 as
the group manifold SU(2). Then, the metric of S3 is written as
ds2 = −1
2
tr(U−1dU)2 = −1
2
tr(dUU−1)2 =
3∑
i=1
(ωiL)
2 =
3∑
i=1
(ωiR)
2, (4.9)
where U ∈ SU(2), and ωiL (ωiR) are the left (right) invariant 1-forms
U−1dU = i
3∑
i=1
ωiLσi, dUU
−1 = i
3∑
i=1
ωiRσi. (4.10)
Let us first consider the mass of fermions with ℓ = 0. From the Maurer-Cartan equation
dωiL,R = ±εijkωjL,RωkL,R, the spin connection on S3 is found to be Ωijk = ±εijk. The mass
term of fermion comes from the spin connection
γµA˜µ =
1
4
Ωijk γijk = ±
3
2
γ123. (4.11)
9
Next we consider the mass of vectors with ℓ = 0. We can see that ωiL,R are co-closed
and they are eigenvectors of the Laplacian on S3 with eigenvalue −4. Therefore, in the
Coulomb gauge the gauge field on S3 can be expanded as
A(t,Ω3) =
3∑
i=1
[
AiL(t)ω
i
L +A
i
R(t)ω
i
R
]
+ · · · . (4.12)
Then the modes AiL,R have mass = 2. Note that the KK modes of the gauge field carry
∆ − J ≥ 2 and hence they might acquire a large anomalous dimension [1]. As for the
time component of gauge field Aµ=0, it behaves as a Lagrange multiplier of the Gauss law
constraint. In passing we note that under the identification S3 ≃ SU(2) the scalar har-
monics Yℓ(Ω3) is given by the matrix element 〈j,m|U |j,m′〉 with spin j = ℓ/2. The higher
spinor/vector harmonics are given by the Wigner functions on the coset SO(4)/SO(3) [27].
4.2. U(1)J and Rotating Variable
To define the pp-wave limit, we take U(1)J subgroup of SU(4)R as the rotation group
of X6-X9 plane. In other words, the generator of U(1)J is given by
J ≡ J69 = 1
2
(J11 + J
2
2 − J33 − J44). (4.13)
Then the fields transform under U(1)J rotation as
λ1,2+ → e
i
2
θλ1,2+ , λ
3,4
+ → e−
i
2
θλ3,4+ (λ→ e−
1
2
θΓ6Γ9λ)
X12 =
1
2
(X6 + iX9)→ eiθX12, X34 = 1
2
(X6 − iX9)→ e−iθX34.
(4.14)
Therefore, the “Z” field with J = 1 [1] is given by
Z =
1√
2
(φ6 + iφ9) =
2
√
2π
gYM
X12. (4.15)
From (4.7), the mode of Z with angular momentum ℓ is written as
Zℓ =
1√
2(ℓ+ 1)
(Aℓ +B
†
ℓ ) (4.16)
where Aℓ = (a
6
ℓ + ia
9†
ℓ )/
√
2 and Bℓ = (a
6
ℓ − ia9†ℓ )/
√
2.
In terms of the oscillators Aℓ and Bℓ, J is written as
J = Tr
∞∑
ℓ=0
(
B†ℓBℓ − A†ℓAℓ
)
. (4.17)
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In the free YM limit, H − J is given by
H − J = Tr
∞∑
ℓ=0
[
(ℓ+ 1)as†ℓ a
s
ℓ + (ℓ+ 2)A
†
ℓAℓ + ℓB
†
ℓBℓ
]
(4.18)
where s = 4, 5, 7, 8. Here we suppressed the contribution of fermions.
The lightcone Hamiltonian P− on the bulk string side corresponds to the combination
H − J , not to the YM Hamiltonian H. This sounds puzzling because in the “modified
Penrose limit” [11] the lightcone time x+ is equal to the global time t. However, this can
be reconciled by introducing the “rotating variables” by performing the time-dependent
U(1)J rotation
Z → eitZ, λ→ e− 12 tΓ6Γ9λ. (4.19)
For example, the free Lagrangian of this new Z is written as
L = Tr
∞∑
ℓ=0
[
|∂t(eitZℓ)|2 − (ℓ+ 1)2|Zℓ|2
]
. (4.20)
One can see that the Hamiltonian Hrot with respect to these variables corresponds to P
−:
Hrot = H − J. (4.21)
Note that the replacement (4.19) corresponds to focusing on the null geodesic θ = t from
the bulk string viewpoint.
From (4.18), we can see that H − J = 0 states are generated by B†0, and the creation
operators Ba†1 and a
s†
0 raise H − J by one. Here the superscript a of Ba†1 is the magnetic
index of Y aℓ=1. If we define the real scalar φ˜
a
1 by
φ˜a1 =
1√
2
(Ba1 +B
a†
1 ), (4.22)
then (φ˜a1 , φ
s
0) transforms as a vector under SO(4) × SO(4). Note that φ˜a1 corresponds to
the operator DµZ on the plane R
4.
The general H − J = 0 state is written as
|J1, · · · , Jn〉 =
n∏
i=1
Tr(B†Ji0 )|0〉. (4.23)
The inner product of these states is given by the Gaussian matrix model [4,5]
〈J ′1, · · · , J ′n|J1, · · · , Jm〉 =
∫
dZdZ e−Tr(ZZ)
n∏
i=1
Tr(Z
J ′i)
m∏
k=1
Tr(ZJk). (4.24)
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This can be shown by inserting the completeness relation of coherent state
1 =
∫
dZdZ e−Tr(ZZ)|Z〉〈Z| (4.25)
where the coherent state |Z〉 is defined by
〈Z| = 〈0| exp
[
Tr(ZB0)
]
, |Z〉 = exp
[
Tr(ZB†0)
]
|0〉. (4.26)
For example, the inner product between the 1-trace state and the n-trace state can be
evaluated as2
〈J |J1, · · · , Jn〉 = 1
J + 1
∑
ǫ1,···,ǫn=±1
Γ
(
N + 12J +
1
2
∑n
i=1 ǫiJi + 1
)
Γ
(
N − 12J + 12
∑n
i=1 ǫiJi
) n∏
j=1
ǫj . (4.27)
In the double scaling limit (1.1), this amplitude reduces to
〈J |J1, · · · , Jn〉PP = JN
J
g2
n∏
i=1
2 sinh
(g2
2
αi
)
, (4.28)
where αi is defined by
αi =
Ji
J
,
n∑
i=1
αi = 1. (4.29)
Note that the large g2 behavior of 〈J |J1, · · · , Jn〉PP is independent of n
lim
g2→∞
〈J |J1, · · · , Jn〉PP = JN
J
g2
e
1
2
g2 . (4.30)
For the general amplitude (4.24), the pp-wave limit is not so simple as (4.28).
5. Symmetry Breaking and PP-wave Algebra
In this section, we consider the symmetry breaking from the conformal symmetry to
the symmetry of pp-wave background. On the state (4.23), the symmetry of N = 4 SYM
is broken as
SO(4, 2)× SU(4)R → R∆−J × SO(4)× SO(4). (5.1)
2 We only checked this relation up to n = 3. For general n, this was proved by C. Kristjansen
[28].
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We will see how the broken generators form the Heisenberg algebra h(4) ⊕ h(4). For
simplicity, we only consider the contribution of scalar fields in the free YM limit gYM =
0. In the pp-wave limit (1.1), only the term which contains B0 and B
†
0 survives, and
other terms are sub-leading in J . This is the basic mechanism for the appearance of the
Heisenberg algebra (see [21] for the general argument). Let us see this more explicitly.
The broken generator in the SO(4, 2) part is given by
M0a − iM5a = e
−it
2π2
Tr
∫
S3
[
−ina
{
1
2
(∂0φ
m)2 +
1
2
(∇iφm)2 + (φm)2
}
+ ∂0φ
m(∂aφ
m − naφm)
]
= −i
√
2e−itTr (aa,m†1 a
m
0 ) + · · ·
= −i
√
2e−itTr (Ba†1 B0) + · · · .
(5.2)
Here we kept only the term containing B0. The hermitian conjugate of this operator is
M0a + iM5a = i
√
2eitTr (Ba1B
†
0) + · · · . (5.3)
Therefore, the commutation relation of these operators becomes h(4):
[M0a + iM5a,M0b − iM5b] ∼ 2δabTr (B†0B0) ∼ 2δabJ. (5.4)
Here ‘∼’ means ‘equal when they act on a state with large J charge’.
The structure in the SU(4)R part is similar. The broken generator in the SU(4)R
part is given by
J6s + iJ9s = i
√
2Tr
∞∑
ℓ=0
(−asℓB†ℓ + as†ℓ Aℓ) = −i
√
2Tr (as0B
†
0) + · · · , (5.5)
and its conjugate is
J6s − iJ9s = i
√
2Tr (as†0 B0) + · · · . (5.6)
Therefore, their commutation relation also becomes the Heisenberg algebra h(4)
[J6s + iJ9s, J6t − iJ9t] ∼ 2δstTr (B†0B0) ∼ 2δstJ. (5.7)
We can see that the broken generators are given by the oscillators of φ˜a1 and φ
s
0 dressed
by B0. When they act on the ground state Tr(B
†J
0 )|0〉, one of the B†0 is replaced by as†0
or Ba†1 . H − J behaves as the number operator of these dressed oscillators since H − J
is independent of B0. The states created by these broken generators are the Nambu-
Goldstone modes with H−J = 1 [1,8], which correspond to the supergravity modes in the
pp-wave background.
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6. Discussions
In this paper, we constructed the generators of superconformal symmetry of U(N)
N = 4 SYM by generalizing [18] for the U(1) gauge group. We also studied the symmetry
breaking by the large R-charge state and the appearance of the pp-wave algebra. Our
analysis is limited to the bosonic part of the symmetry in the free YM limit. It is interesting
to study the contraction of the whole superconformal symmetries at the interacting level.
The dual theory of the string theory on the pp-wave background will be related to
the matrix model obtained by the KK reduction of N = 4 SYM on S3. However, the free
string spectrum in the pp-wave background is not correctly reproduced if we only keep the
lowest KK modes. Let us recall the argument in [1]. In the planar limit, the string of B†0’s
in (4.23) can be regarded as a lattice, and the interaction Tr[Z0, φ
s
0][φ
s
0, Z0] becomes the
spatial derivative of the effective (1+1)-dimensional field φs0(t, σ) in the limit (1.1). We
can repeat the same argument for other light fields. Let us look at the J = 12 component
ψ of λ with angular momentum ℓ = 0
ψ =
2π
gYM
· 1
2
(1 + iΓ6Γ9)λℓ=0. (6.1)
The kinetic term of ψ comes from the Yukawa interaction
LY =
gYM
4π
Tr
(
ψΓ12[B0, ψ] + ψΓ
34[B†0, ψ]
)
=
gYM
4π
Tr
(
ψiΓ9[B0, ψ]
)
, (6.2)
where we used the fact that Γ34 = (Γ6 − iΓ9)/2 = 0 on the iΓ6Γ9 = 1 subspace. On the
large R-charge state Tr(B†J0 )|0〉, (6.2) can be replaced by
LY =
gYM
√
N
4π
J∑
j=1
ψjiΓ
9(ψj+1 − ψj). (6.3)
By introducing the coordinate σ as
σ =
1√
λ′
2π
J
j (6.4)
and taking the limit (1.1), the effective kinetic term of ψ is found to be
Lkin =
i
2
∫ 2pi√
λ′
0
dσ ψ(Γ0∂0 + Γ
9∂σ)ψ. (6.5)
Unfortunately, the structure of Γ-matrices in the mass term of ψ is different from the one
in the worldsheet action of the pp-wave string. The Hamiltonian of φ˜a1 obtained from the
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interaction Tr[Z, Z]2 is also different from the expected form, if we naively reduce this
term to the KK modes with H − J ≤ 1. It is interesting to study when the reduction to
the lowest KK modes is meaningful.
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Appendix A. SO(6) and SO(9, 1) Gamma Matrices
In this appendix we summarize our notation of Γ-matrices. We follow the notation in
[29] (with slight modification). The 10-dimensional Γ-matrices are defined by {ΓM ,ΓN} =
2ηMN , where ηMN = diag(−,+9) and M,N = 0, · · · , 9.
Under the dimensional reduction to 4 dimensions, the D = 10 Majorana-Weyl spinor
is decomposed as
SO(9, 1) ⊃ SO(3, 1)× SU(4)
16L = (2, 4)⊕ (2, 4),
(A.1)
where we identified SO(6) ≃ SU(4). Due to the Majorana condition, (2, 4) and (2, 4)
are charge conjugate to each other in the 4-dimensional sense. Note that 6 of SO(6)
corresponds to the antisymmetric tensor of 4 in the SU(4) picture. We use µ, ν = 0, · · · , 3
and m,n = 4, · · · , 9 as the SO(3, 1) and SO(6) indices, and A,B = 1, · · · , 4 as the indices
of 4.
The SO(9, 1) gamma matrices can be decomposed as
Γµ = γµ ⊗ 18, ΓAB = γ5 ⊗
(
0 −ρ˜AB
ρAB 0
)
= −ΓBA. (A.2)
Here γ5 = iγ
0123 and ΓAB satisfies {ΓAB,ΓCD} = ǫABCD. ρAB and ρ˜AB are defined by
(ρAB)CD = δ
A
Cδ
B
D − δADδBC , (ρ˜AB)CD =
1
2
ǫCDEF (ρAB)EF = ǫ
ABCD . (A.3)
SO(6) and SU(4) basis are related as
XAB =
1
2
ǫABCDXCD, X
AB = −XBA = X†AB, Xi4 =
1
2
(Xi+3 + iXi+6)
Γi4 =
1
2
(Γi+3 − iΓi+6), XABΓAB = XmΓm.
(A.4)
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The charge conjugation matrix and the chirality matrix are given by
C10 = C4 ⊗
(
0 14
14 0
)
, Γ11 = Γ0···9 = γ5 ⊗
(
14 0
0 −14
)
, (A.5)
where (ΓM )T = −C−110 ΓMC10 and C4 is the charge conjugation in D = 4.
The Majorana-Weyl spinor in D = 10 is now decomposed as
ΨMW = Γ
11ΨMW =
(
ψA+
ψ−A
)
(A.6)
where ψ−A is the charge conjugation of ψA+
ψ−A = (ψA+)
c = C4(ψ+A)
T , γ5ψ± = ±ψ±. (A.7)
Appendix B. (Conformal) Killing Vectors on R× S3
The Killing vectors on R× S3
ξ31 + iξ41 = e
iχ
[
sinψ∂θ + cot θ
(
cosψ∂ψ +
1
sinψ
∂χ
)]
ξ32 + iξ42 = e
iχ(∂ψ + i cotψ∂χ)
ξ34 = −∂χ, ξ12 = − cotψ∂θ + cot θ sinψ∂ψ, ξ05 = ∂t
(B.1)
The conformal Killing vectors on R× S3
ξ01 − iξ51 = e−it (−i cos θ∂t − sin θ∂θ)
ξ02 − iξ52 = e−it
(
−i sin θ cosψ∂t + cos θ cosψ∂θ − sinψ
sin θ
∂ψ
)
ξ03 − iξ53 = e−it
(
− i sin θ sinψ cosχ∂t
+cos θ sinψ cosχ∂θ +
cosψ cosχ
sin θ
∂ψ − sinχ
sin θ sinψ
∂χ
)
ξ04 − iξ54 = e−it
(
− i sin θ sinψ sinχ∂t
+cos θ sinψ sinχ∂θ +
cosψ sinχ
sin θ
∂ψ +
cosχ
sin θ sinψ
∂χ
)
(B.2)
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